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Abstract
Some problems on variations are raised for classical discrete mechanics and
field theory and the difference variational approach with variable step-length
is proposed motivated by Lee’s approach to discrete mechanics and the differ-
ence discrete variational principle for difference discrete mechanics and field
theory on regular lattice. Based upon Hamilton’s principle for the vertical
variations and double operation of vertical exterior differential on action, it is
shown that for both continuous and variable step-length difference cases there
exists the nontrivial Euler-Lagrange cohomology as well as the necessary and
sufficient condition for symplectic/multi-symplectic structure preserving prop-
erties is the relevant Euler-Lagrange 1-form is closed in both continuous and
difference classical mechanics and field theory. While the horizontal variations
give rise to the relevant identities or relations of the Euler-Lagrange equation
and conservation law of the energy/energy-momentum tensor for continuous
or discrete systems. The total variations are also discussed. Especially, for
those discrete cases the variable step-length of the difference is determined by
the relation between the Euler-Lagrange equation and conservation law of the
energy/energy-momentum tensor. In addition, this approach together with
difference version of the Euler-Lagrange cohomology can be applied not only
to discrete Lagrangian formalism but also to the Hamiltonian formalism for
difference mechanics and field theory.
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I. INTRODUCTION
Variation problems play a fundamental, even central, role in various types of continu-
ous mechanics (see, for example, [8], [4], [1]) and field theories for both Lagrangian and
Hamiltonian formalisms, which can be transformed each other in many cases via Legendre
transformation. A lot of important issues such as the equations of motions, the (intrinsic)
symplectic or multisymplectic preserving properties, conservation laws associated with cer-
tain symmetries, topological properties etc. are very closely related to the variation problems
with fixed or variable domains. On the other hand, however, there are some open questions
relevant to variation problems in different kinds of discrete mechanics, field theories as well as
corresponding symplectic and multisymplectic algorithms, although discrete variation prob-
lems still play an important role, particularly, for the discrete Lagrangian formalism of these
discrete systems. In fact, for a long period, there had been no any discrete variation ap-
proach available to both discrete Lagrangian and Hamiltonian formalisms that relate each
other by discrete Legendre transformation until the difference discrete variational approach
has been proposed very recently [12], [14].
As far as discretized version with difference for mechanics is concerned, Lee suggested
a discrete variational approach to discrete Lagrangian mechanics and relevant algorithm in
early 1980’s [19], [20], [21]. In Lee’s approach the time steps are variable in view of time
being a dynamical variable in order to preserve the energy discretely. Veselov [28], [24] also
proposed the discrete variational principle by the end of 1980’s, which is almost the same
as Lee’s approach except without taking variation with respect to the discrete time so that
it does not keep the conservation of the energy discretely in general. In addition, both
approaches are merely available to discrete Lagrangian mechanics and nothing to do with
discrete Hamiltonian mechanics.
On the other hand, Ruth [26] and Feng [10] proposed the symplectic algorithm for Hamil-
tonian mechanics. In this algorithm (for a review, see [27]), the time step-length is fixed
and the symplectic preserving property is discretely kept. However, the discrete version of
energy conservation can not be maintained discretely in general. The symplectic algorithm
plays very important role in computational mathematics and its applications cover various
branches in sciences. It is well known that the progresses of symplectic algorithm promote
further development of the structure-preserving algorithms. In these algorithms, the time
step-length is always being fixed so that the price paid by keeping structure preserving is
the loss of other conservation laws for the continuous cases in general.
Structure preserving criterion: It is widely accepted that the discrete systems should
be thought as the discrete counterparts of the corresponding continuous systems. However,
in order to discretize continuous systems, a guide line in needed. In Feng’s first paper on
the symplectic algorithm, he wrote a working hypothesis: “It is natural to look forward
to those discrete systems which preserve as much as possible the intrinsic properties of
the continuous system.” [10] In fact, this statement should be regarded as a criterion, the
structure-preserving criterion, for constructing mostly quarried one in all kinds of structure-
preserving algorithms. However, in order to carry through this criterion, it is needed to know
how to answer the following simple questions.
Problem 1: What are the most important intrinsic “structures” in continuous systems,
such as classical mechanics and field theory, that should also be maintained in the course of
discretization? What are the discrete counterparts of these “structures” and how to preserve
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them in certain discrete version? What about the lowest price has to be paid in the course
of discretization?
It is well known that there are two classes of conservation laws in canonical conservative
mechanics. The first class of conservation laws is that of phase-area conservation laws char-
acterized by the symplectic preserving property and another class is related to energy and
all first integrals of the canonical equations. Thus, the following questions can apparently
be raised.
Problem 2: Is it possible to establish a kind of discrete mechanics and/or structure-
preserving algorithms in such a way that they not only discretely preserve the symplectic
property but also some other conservation laws, specially the energy conservation? Do
these discrete systems can be established by a discrete variational approach? Does this
discrete variational approach can be applied to both discrete Lagrangian and Hamiltonian
formalisms?
Although in Lee’s approach, it should be able to prove that in addition to discrete energy
conservation the symplectic structure is also preserved since Lee’s approach is a discrete
variational approach 1. But the framework of either Lee’s approach or Veselov’s one can not
be applied to the discrete Hamiltonian systems. To our knowledge, therefore, these problems
are still open, at least partly.
In the cases of discrete field theories and multisymplectic algorithms, the symplectic
algorithm has been generalized to the multisymplectic one in what is called “Hamiltonian
formalism” [5]. On the other hand, Veselov’s discrete variation approach to the discrete
mechanics has also been generalized to field theories in Lagrangian formalism to get so-called
“ variational multisymplectic integrators” [22], [23]. In both approaches, the step-lengths
are fixed so that the energy-momentum tensor cannot be conserved in general although the
multisymplectic structure preserving property in field theory can be maintained discretely
in certain manner. Thus a set of similar questions can also be raised to the discrete field
theory and multisymplectic algorithms.
Problem 3: Is it possible to establish a discrete variational approach to describe a
kind of discrete field theories and/or multisymplectic algorithms in such a way that not
only the multisymplectic property is discretely preserved but also the conservation laws such
as energy-momentum conservation law are discretely maintained in certain version? Is it
possible to apply such an approach in both discrete Lagrangian and Hamiltonian formalisms?
To our knowledge, these problems are still open as well.
As was just mentioned, for the difference discrete variational approach to discrete mechan-
ics and field theory with fixed step-length differences, it can be applied to both Lagrangian
and Hamiltonian formalisms [12], [14]. The key point of this approach is to regard the differ-
ences with fixed step-length as a kind of entire geometric objects, which play an analogical
role with the one played by derivative in continuous cases.
Problem 4: Is it possible to generalize the difference discrete variational approach with
fixed step-length differences to the one with varied step-length differences so as to the discrete
1In [18] this problem has been partly solved by defining a conserved discrete energy in Veselov’s
approach. The complete resolving to this problem in Lee’s framework has been made until very
recently in [6], [7].
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energy conservation law in certain version may be kept together with the symplectic and/or
multisymplectic preserving properties?
In order to carry through the structure-preserving criterion, we present an approach to
the discrete variation problems. Namely, the difference variational approach with variable
step-lengths named variable difference variational approach to these problems in discrete
mechanics and field theory. In other wards, this approach is available to the discrete to-
tal variations with keeping the step-length of differences to be varied by an equation from
the variation of the discrete action with respect to discrete time and/or discrete space co-
ordinates. As was mentioned, this approach is a natural generalization of the difference
variational approach with fixed step-lengths proposed recently in [12], [14] for the ordinary
discrete variation problems with fixed discrete domain. In fact, the approach in [12], [14] is
just discrete vertical variation so that it is natural to keep the step-length being fixed. The
most important key point of this approach is that in the course of calculation of variation
problems in discrete mechanics and field theory, the differences with variable step-lengths
are kept as entire geometric objects as much as possible. Consequently, this discrete varia-
tion approach not only keep the advantage of Lee’s discrete variation, which conserves the
energy of the system discretely, but also the advantage in variation in Veselov type, which is
symplectic or multisymplectic. In addition, this variable difference variation approach can
be applied not only to the Lagrangian formalism but the Hamiltonian formalism as well for
both discrete mechanics and discrete field theory, since the discrete canonical “ momenta”
and discrete version of Legendre transformation can be introduced in terms of variable step-
length differences. For simplicity, we consider in this paper the discrete Lagrangian of first
order of difference only.
The paper is organized as follows. In section 2, we recall the total variation problems
in Lagrangian and Hamiltonian mechanics. In section 3, we present the variable difference
variational approach and deal with the difference Lagrangian and Hamiltonian mechanics.
In section 4, we recall briefly the total variation problems in Lagrangian and Hamiltonian
field theory with generic variables. In section 5, we apply the variable difference discrete
variational approach to the total discrete variation problems in difference discrete Lagrangian
and Hamiltonian field theory with generic variables. Finally, we end with some remarks.
II. GENERAL VARIATIONS FOR CLASSICAL MECHANICS
Let us recall briefly the general or total variation calculus with variable domain in classical
mechanics.
Let t ∈ T ≃ R be the time, M an n-dimensional configuration space. Consider a fibre
bundle E(T,Q, pi) with projection pi : E → T on T , pi−1 : t → Qt isomorphic to M is the
fibre on t ∈ T . Denote Γ(E) the sections on E, TE the tangent bundle of E, TvE ⊂ TE the
vertical sub-bundle of TE, etc..
A. Variations in Lagrangian mechanics
We first consider the Lagrangian mechanics. The Lagrangian of the system is denoted
as L(qi(t), q˙i(t); t), i = 1, · · · , n, which is a mapping from TE to R. For simplicity, the
Lagrangian is of the first order. The action functional is
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S([qi(t)]; t1, t2) =
∫ t2
t1
dtL(qi(t), q˙i(t); t). (2.1)
Here qi’s are coordinates in the fiber, qi(t) describes a curve Cba with ending points a and
b, ta = t1, tb = t2, along which the motion of the system is assumed to take place, and
q˙i(t) = dqi(t)/dt.
Let us consider the general variation of qi(t)
qi(t)→ q′i(t′) = qi(t) + δtq
i(t) (2.2)
accompanied with an infinitesimal re-parameterization of time t
t→ t′(t) = t+ δt. (2.3)
Here δtq
i(t) denotes the total variation that can be divided into two parts,
δtq
i(t) = δvq
i(t) + δhq
i(t),
δvq
i(t) = q′i(t)− qi(t),
δhq
i(t) = q′i(t′)− q′i(t)
= qi(t′)− qi(t) +O(δ2) = δt d
dt
qi(t) +O(δ2),
(2.4)
where δvq
i(t) denotes the equal time part variation or the vertical one and δhq
i(t) the hor-
izontal part along the fibre induced by the re-parameterization of the time t (2.3). If we
introduce a variational vector field on T
ξ(t) := δt
d
dt
, (2.5)
the horizontal variation δhq
i(t) is the Lie derivative of qi(t) with respect to the variation
vector field (2.5).
Similarly,
δtq˙
i(t) = (δv + δh)q˙
i(t),
δv q˙
i(t) = q˙′i(t)− q˙i(t),
δhq˙
i(t) = d
dt′
q′i(t′)− d
dt′
q′i(t)
= d
dt′
qi(t′)− d
dt
qi(t) +O(δ2) = δt d
dt
q˙i(t) +O(δ2).
(2.6)
Note that δhq˙
i(t) is also the Lie derivative of q˙i(t) with respect to the variational vector field
(2.5). In fact, this is true for a kind of functionals of qi(t), q˙i(t) and t:
δhF (q
i(t), q˙i(t), t) = LξF (q
i(t), q˙i(t), t). (2.7)
To the time change (2.3) is associated the change in the measure in (2.1) given by the Jacobi
formula
dt′ =
∂t′
∂t
dt = (1 +
d
dt
δt)dt, (2.8)
i.e.
δ(dt) = d(t+ δt)− dt = dt
d
dt
δt. (2.9)
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It is easy to see that this change in the measure is also the Lie derivative of the measure
with respect to the variation vector (2.5):
δ(dt) = Lξdt = dLξt = dδt.
Here the commuting property between d on T and the Lie derivative is used.
Now the Lagrangian is changed as
L(qi(t),
d
dt
qi(t); t)→ L(q′i(t′),
d
dt′
q′i(t′); t′) = L(qi(t),
d
dt
qi(t); t) + δtL, (2.10)
and the action is also deformed to
S([q′i(t′)]; t′1, t
′
2) =
∫ t′2
t′1
dt′L(q′i(t′), d
dt′
q′i(t′); t′)
=
∫ t2
t1
∂t′
∂t
dt{L(qi(t), q˙i(t); t) + δtL}
=
∫ t2
t1
dt{L+ ( d
dt
δt)L+ δtL}
= S([qi(t)]; t1, t2) + δtS
(2.11)
A more or less straightforward calculation shows
δtS =
∫ t2
t1
dt{[Lqi ]δtq
i + [
d
dt
H +
∂
∂t
L]δt+
d
dt
(
∂L
∂q˙j
δtq
j −Hδt)}, (2.12)
where [Lqi ] is the Euler-Lagrange operator and H is the energy (Hamiltonian)
[Lqi ] :=
∂L
∂qi
−
d
dt
(
∂L
∂q˙i
), H :=
∂L
∂q˙i
q˙i − L. (2.13)
The vertical and horizontal variations should be separated as the independent ones and
this leads to
δvS =
∫ t2
t1
dt{[Lqi]δvq
i +
d
dt
(
∂L
∂q˙j
δvq
j)}, (2.14)
and
δhS =
∫ t2
t1
dt{[Lqi]δhq
i + [
d
dt
H +
∂
∂t
L]δt +
d
dt
(
∂L
∂q˙j
δhq
j −Hδt)}. (2.15)
For the vertical part, the Hamilton’s principle leads to the Euler-Lagrange equation if
δvq
j|t1 = δvq
j|t2 = 0
∂L
∂qi
−
d
dt
(
∂L
∂q˙i
) = 0. (2.16)
For the horizontal part, however, it is easy to check
[Lqi ]q˙
i + d
dt
H + ∂
∂t
L = 0,
ϑ := ∂L
∂q˙j
δhq
j −Hδt = Lδt.
(2.17)
Therefore,
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δhS =
∫ t2
t1
dt
d
dt
(Lδt) = 0. (2.18)
This is just the invariance of the action S with respect to the re-parameterization of time. Of
course, from the first equation of (2.17), it still follows the conservation law for the energy if
and only if the Euler-Lagrange equation is satisfied and L does not depend on t manifestly.
If the identities in (2.17) is employed directly, it follows (see, for example, [8]) that
δtS =
∫ t2
t1
dt{[Lqi]δvq
i +
d
dt
(
∂L
∂q˙j
δvq
j + Lδt)}. (2.19)
A quantity now can be defined
J :=
∂L
∂q˙j
δvq
j + Lδt, (2.20)
the invariance of S under the re-parameterization of t, i.e. δtS = 0, leads to the conservation
of the quantity J if and only if the Euler-Lagrange equation is satisfied:
d
dt
J = 0. (2.21)
Remark 2.1:
Introducing an exterior differential operator dv along the fibre that satisfies
dv
2 = 0, {dv, dh} = 0, d := dv + dh, (2.22)
where dh and d is the nilpotent exterior differential operator on T
∗T and T ∗E respectively
as was as a vertical variational vector field
ξq := δvq
i(t)
∂
∂qi
, (2.23)
then
δvq
i(t) = iξqdvq
i = iξqdq
i. (2.24)
By means of the vertical variational vector field (2.23) on TQ, δvS can also be expressed
as its contraction with 1-form dvS ∈ T
∗Q
iξqdvS = δvS. (2.25)
We may calculate dvS ∈ T ∗Q. Since dv commutes with the integral of dt (see also, for
example, the functional differential calculus in [25]), it is straightforward to get
dvS =
∫ t2
t1
dt{[Lqi ]dvq
i +
d
dt
θ)}, (2.26)
where θ is the Lagrange 1-form
θ :=
∂L
∂q˙i
dvq
i. (2.27)
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Now by contracting with the vertical variational vector field (2.23) it follows straightforwardly
δvS in (2.14).
Furthermore, due to the nilpotency of dv, it is easy to get
dvE +
d
dt
ω = 0, (2.28)
where E is called the Euler-Lagrange 1-form [12], [13], [14], defined by
E(qi(t), q˙i(t); t) := [Lqi ]dvq
i, (2.29)
ω is the symplectic 2-form and in local coordinates:
ω := dvθ =
∂2L
∂qj∂q˙i
dvq
j ∧ dvq
i +
∂2L
∂q˙j∂q˙i
dvq˙
j ∧ dvq
i. (2.30)
From (2.29), (2.26) and (2.28), the following theorem can be proved [12], [13], [14]:
Theorem 1: For all Lagrangian of a kind of systems with first order of derivatives on the
bundle E(T,Q, pi)
1. The following Euler-Lagrange cohomology is nontrivial:
HLM := {E|dvE = 0}/{E|E = dvα},
where α = α(qi(t), q˙i(t); t) is an arbitrary function of (qi(t), q˙i(t); t).
2. The necessary and sufficient condition for conservation of the symplectic 2-form, i.e.
d
dt
ω = 0, (2.31)
is the corresponding Euler-Lagrange 1-form being closed.
Remark 2.2:
From the definition of the Lie derivative it can be seen that the horizontal variations are
given by the Lie derivative with respect to the variational vector field.
Let ξ be a vector field on T , exp(λξ) be the flow with parameter λ, i.e. the one-parameter
diffeomorphism group, induced by ξ, f a differential or a vector on T . The infinitesimal
change of f under flow is described by its Lie derivative with respect to the vector field ξ
Lξf(t) := lim
λ→0
1
λ
{φ∗λf(exp(λξ)t)− f(t)} =
d
dλ
|λ=0(φ
∗
λf(t
′)), t′ = exp(λξ)t. (2.32)
Here φ∗λ is the bull-back or the inverse differential for the differential form or vector respec-
tively.
Taking ξ = ξ(t) = ξt in (2.5), it follows that the Lie derivative of f(t) with respect to ξt
gives rise to the horizontal variation of f(t).
On the other hand, the time variation δt can be expressed by the contraction between
the variational vector field (2.5) and 1-form dht on T
∗T , i.e. dt on T ∗E
iξtdht = δt. (2.33)
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It is also feasible to express the variation δhq
i(t) as contraction of a horizontal variation
vector field ξh with dvq
i or dqi. To this purpose, ξh,q along the fibre with respect to horizontal
variations of qi(t)
ξh,q := δhq
i(t)
∂
∂qi
(2.34)
should be introduced. Combining with the vector field ξt in (2.5), the general horizontal
variational vector field ξh should be defined as
ξh := ξt + ξh,q = δt
∂
∂t
+ δhq
i(t)
∂
∂qi
. (2.35)
Its contraction with dvq
i or dqi leads to
iξhdq
i = dqi · ξh = δhq
i(t). (2.36)
In general, for any functional of qi(t) and q˙i(t), F (qi(t), q˙i(t)) : TQ → R, its (horizontal)
variation induced by (2.3) is
F (qi(t), q˙i(t))→ F (qi(t′), d
dt′
qi(t′)) = F (qi(t), q˙i(t)) + δhF (q
i(t), q˙i(t)),
δhF (q
i(t), q˙i(t)) = iξhdF (q
i(t), q˙i(t)).
(2.37)
Remark 2.3:
For the total variation, a total variational vector field for qi(t) along the fibre can also
be introduced
ξtotal := ξv + ξh = δt
∂
∂t
+ δtq
i(t)
∂
∂qi
= δt
∂
∂t
+ (δvq
i(t) + δt
d
dt
qi(t))
∂
∂qi
, (2.38)
whose contraction with dqi leads to the total variation δtq
i(t)
iξtotaldq
i = dqi · ξtotal = δtq
i(t). (2.39)
If we introduce the Lagrangian 1-from
L := L(qi, q˙i, t)dt (2.40)
and take 0 = d2L, it is easy to see that the theorem 1 still holds. This means that the
total variations keep the Euler-Lagrange cohomology as well as the necessary and sufficient
condition for symplectic structure preserving property in classical mechanics.
Remark 2.4:
In some literatures (see, for example, [9]), it is required that Hamilton’s principle holds
for the total variation of the action, i.e. δtS = 0, and regard δtq
i and δt as independent
variations. Thus it follows the Euler-Lagrange equation, the conservation relation for the
energy and the surface term
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∂L
∂qi
− d
dt
( ∂L
∂q˙i
) = 0,
d
dt
H + ∂
∂t
L = 0,
ϑ = ∂L
∂q˙j
δtq
j −Hδt.
(2.41)
If ∂
∂t
L = 0, i.e. the system is conservative, the energy H is conserved. However, δtq
i is
actually dependent on δt. Therefore, it would be better to regard δvq
i and δt as independent
variations.
B. Variations in Hamiltonian mechanics
The action principle should, of course, be applied to the Hamiltonian mechanics. In order
to transfer to the Hamiltonian formalism, we introduce a set of conjugate momenta from the
Lagrangian L(qi(t), q˙i(t); t)
pj =
∂L
∂q˙j
, (2.42)
and take a Legendre transformation to get the Hamiltonian
H := H(qi, pj; t) = pkq˙
k − L(qi, q˙j; t). (2.43)
Now the action functional can be expressed as
S([pi(t)], [q
i(t)]; t1, t2) =
∫ t2
t1
dt{pkq˙
k −H(qi, pj; t)}. (2.44)
The total variation of the action can be calculated
δtS = δvS + δhS,
δvS =
∫ t2
t1
dt{[Hpi]δvpi − [Hqi ]δvq
i + d
dt
(piδvq
i)},
δhS =
∫ t2
t1
dt{[Hpi]δhpi − [Hqi]δhq
i + [ d
dt
H − ∂
∂t
H ]δt+ d
dt
(piδhq
i −Hδt)},
(2.45)
where [Hpi], [Hqi ] are canonical operators
[Hpi] := q˙
i −
∂H
∂pi
, [Hqi] := p˙i +
∂H
∂qi
. (2.46)
Thus, the stationary requirement for the vertical variation of the action δvS = 0 leads to
the canonical equations
q˙i =
∂H
∂pi
, p˙i = −
∂H
∂qi
. (2.47)
While the time re-parameterization invariance of the action, i.e. δhS = 0 gives rise to an
identity on the condition of the energy
[Hpi]p˙i − [Hqi]q˙
i +
d
dt
H −
∂
∂t
H ≡ 0, (2.48)
and the boundary term that leads to so called “extended symplectic potential” is in fact a
total divergence
∫ t2
t1
dt
d
dt
(piδhq
i −Hδt) =
∫ t2
t1
dt
d
dt
(Lδt) = 0. (2.49)
Similar to the Lagrangian mechanics, all remarks in last subsection can be made for the
Hamiltonian formalism. Especially, the theorem 1 can also be established here.
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III. GENERAL VARIATIONS FOR DISCRETE MECHANICS
We have proposed a difference variational principle for the (vertical) variation in discrete
Lagrangian mechanics in view of the differences with fixed time step-length being regarded
as entire variables [12], [14]. One of advantages of this approach is that it is available to
both Lagrangian and Hamiltonian formalism for the discrete mechanics. This approach can
also be generalized to the total variation for the differences with variable time step-length
being regarded as entire variables in such a way that the variable time step-length should
be determined by an equation given by the variation problem with variable discrete integral
domain. In Lee’s wards, discrete time is regarded as a dynamical variable.
Consider the case that “time” t is difference discretized
t ∈ R→ t ∈ TD = {(tk, tk+1 = tk +∆tk, k ∈ Z)} (3.1)
and the step-lengths ∆tk are determined by a variational equation, while the n-dimensional
configuration space Mk at each moment tk, k ∈ Z, is still continuous and smooth enough.
Let N be the set of all nodes on TD with index set Ind(N) = Z, M =
⋃
k∈Z Mk the
configuration space on TD that is at least pierce wisely smooth enough. At the moment tk,
Nk be the set of nodes neighboring to tk. Let Ik the index set of nodes of Nk including tk.
The coordinates of Mk are denoted by q
i(tk) = q
i(k), i = 1, · · · , n. T (Mk) the tangent bundle
ofMk in the sense that difference at tk is its base, T
∗(Mk) its dual. LetMk =
⋃
l∈Ik Ml be the
union of configuration spaces Ml at tl, l ∈ Ik on Nk, TMk =
⋃
l∈Ik TMl the union of tangent
bundles on Mk, F (TMk) and F (TMk) the function spaces on each of them respectively,
etc.. In the difference variational approach, we will use these notions.
A. Variable difference Lagrangian mechanics
Let us consider the system with a discrete Lagrangian LD
(k) on F (T (Mk × TD)). For
simplicity, the Lagrangian is of the first order of differences
LD
(k) = LD(q
i(k),∆kq
i(k); tk), (3.2)
with the difference ∆kq
i(k) of qi(k) at tk defined by
∆kq
i(k) :=
qi(k+1) − qi(k)
tk+1 − tk
. (3.3)
The discrete action of the system is given by
SD =
∑
k∈Z
(tk+1 − tk)LD
(k)(qi(k),
qi(k+1) − qi(k)
tk+1 − tk
; tk). (3.4)
The discrete total variations for qi(k) = qi(tk) should be defined as follows
δtq
i(k) := q′i(t′k)− q
i(tk) = δvq
i(k) + δhq
i(k), t′k = tk + δtk,
δvq
i(k) := q′i(tk)− q
i(tk), δvtk = 0,
δhq
i(k) := q′i(t′k)− q
′i(tk) = q
i(t′k)− q
i(tk) +O(δ
2).
(3.5)
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It can be shown that horizontal variation δhq
i(k) is given by
δhq
i(k) = δtk∆kq
i(k). (3.6)
The discrete total variations for ∆kq
i(k) are defined as
δt∆kq
i(k) :=
q′i(t′
k+1)−q
′i(t′
k
)
t′
k+1
−t′
k
− q
i(tk+1)−q
i(tk)
tk+1−tk
= δv∆kq
i(k) + δh∆kq
i(k),
δv∆kq
i(k) := q
′i(tk+1)−q
′i(tk)
tk+1−tk
− q
i(tk+1)−q
i(tk)
tk+1−tk
.
(3.7)
Due to the definition of the difference with variable time step-length (3.3) and the Leibniz
law for it
∆k(f
(k)g(k)) = (∆kf
(k))g(k) + Ef (k)(∆kg
(k)), (3.8)
where E is the shift operator defined as
Ef (k) = f (k+1), E−1f (k) = f (k−1), (3.9)
it follows
δt∆kq
i(k) = ∆k(δtq
i(k))− (∆kδtk)∆kqi(k),
δh∆kq
i(k) = δtk+1∆(∆kq
i(k)).
(3.10)
Namely,
δv∆kq
i(k) = ∆kδvq
i(k),
δh∆kq
i(k) = ∆kδhq
i(k) − (∆kδtk)∆kqi(k).
(3.11)
Using above properties and
δt(tk+1 − tk) = ∆k(δttk)(tk+1 − tk), (3.12)
the total variations of the discrete Lagrangian can be calculated as follows
δtLD
(k) = ∂LD
(k)
∂qi(k)
δtq
i(k) + ∂LD
(k)
∂∆kqi(k)
δt∆kq
i(k) + ∂LD
(k)
∂tk
δttk
= [Lqi(k) ]δtq
i(k)
+ ∆k(pi
(k)∆kq
i(k−1))δtk +
∂LD
(k)
∂tk
δtk
+ ∆k(pi
(k+1)δtq
i(k) − pi(k)∆kqi(k−1)δtk),
(3.13)
where [Lqi(k) ] is the discrete Euler-Lagrange operator
[Lqi(k) ] :=
∂LD
(k)
∂qi(k)
−∆(
∂LD
(k−1)
∂∆qi(k−1)
), (3.14)
and pi
(k) the discrete canonical conjugate momenta
pi
(k) :=
∂LD
(k−1)
∂∆qi(k−1)
. (3.15)
Thus the total variation of action is given by
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δtSD =
∑
k(tk+1 − tk){(∆δtk)LD
(k) + δtLD
(k)}
=
∑
k(tk+1 − tk){[Lqi(k) ]δtq
i(k) + (∆kHD
(k−1) + ∂LD
(k)
∂tk
)δtk
+ ∆k(pi
(k+1)δtq
i(k) −HD
(k−1)δtk)},
(3.16)
where HD
(k) is the difference Hamiltonian that can be introduced through the discrete Leg-
endre transformation
HD
(k) := pi
(k+1)∆tq
i(k) − LD
(k). (3.17)
Thus the total variation of the discrete action (3.16) can be written as
δtSD = δvSD + δhSD,
δvSD =
∑
k(tk+1 − tk)[Lqi(k)]δvq
i(k) +∆(pi
(k+1)δvq
i(k)),
δhSD =
∑
k(tk+1 − tk){[Lqi(k)]δhq
i(k) + (∆HD
(k−1) + ∂LD
(k)
∂tk
)δtk
+ ∆(pi
(k+1)δhq
i(k) −HD
(k−1)δtk)}.
(3.18)
The variational principle requires δvSD = 0 and the discretized re-parameterization in-
variance with respect to discrete time may also leads to δhSD = 0 if this invariance does
exist. Thus it follows the discrete Euler-Lagrange equations for qi(k)’s
∂LD
(k)
∂qi(k)
−∆(
∂LD
(k−1)
∂∆qi(k−1)
) = 0, (3.19)
and the equation for the variable time step-length
(
∂LD
(k)
∂qi(k)
−∆(
∂LD
(k−1)
∂∆qi(k−1)
))∆qi(k) +∆HD
(k−1) −
∂HD
(k)
∂tk
= 0. (3.20)
It is more or less straightforward to show that if the time step-length is fixed the equation
(3.20) has no solution in general even if the Lagrangian does not depend on discrete time
manifestly. In other wards, for the conservative discrete Lagrangian mechanics the time step-
length should be variable in general so as to the energy of the system can be kept conserved
discretely.
Remark 3.1:
We may introduce exterior differential operators dˆ, dv and dˆh on T
∗(M × TD), T ∗M and
T ∗TD respectively. They are nilpotent and satisfy
dˆ = dv + dˆh, {dv, dˆh} = 0. (3.21)
Especially, dˆh is due to the difference on TD and satisfy Leibniz’s law for ordinary forms
2.
Remark 3.2:
2It is needed some noncommutative differential calculus to completely clarify the properties of dˆh.
For the case that ∆t is fixed, the noncommutative differential calculus can be found in [15], [16].
For the case of variable time steps, similar noncommutative differential calculus can be established
[17].
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Actually, analog to the case with fixed time steps [12], [14], it can be established the dif-
ference version for the Euler-Lagrange cohomology and the necessary and sufficient condition
for the difference conservation law of the discrete symplectic 2-form.
From δvSD in (3.18), it is easy to see that we may take dv on SD to get
dvSD =
∑
k
(tk+1 − tk)dvLD
(k), dvLD
(k) = ED
(k) +∆kθD
(k), (3.22)
where ED
(k), θD
(k) are the discrete Euler-Lagrange 1-form and symplectic potential 1-form
respectively
ED
(k) := [Lqi(k) ]dvq
i(k), θD
(k) := pi
(k+1)dvq
i(k). (3.23)
Then due to the nilpotency of dv, it is straightforward to get
dvED
(k) +∆kωD
(k) = 0, ωD
(k) := dvθD
(k) = dvpi
(k+1) ∧ dvq
i(k). (3.24)
Therefore, we may get the discrete version for the theorem 1 [12], [13], [14]:
Theorem 2: For all discrete Lagrangian of a kind of systems with first order differences
on the bundle E(TD, Q, pi) ≃M × TD,
1. The following discrete version of the Euler-Lagrange cohomology is nontrivial:
HDCM :={Closed Euler-Lagrange forms}/ {Exact Euler-Lagrange forms}.
2. The necessary and sufficient condition for conservation of the discrete symplectic
2-form, i.e.
∆kωD
(k) = 0, (3.25)
is the corresponding discrete Euler-Lagrange 1-form being closed.
Remark 3.3:
In this paper, TD is an infinite chain. It is reasonable to consider an interval on TD. We
will publish the issues on this topic elsewhere.
B. Variable difference Hamiltonian mechanics
Now we consider the total difference variation on the phase space in the discrete Hamil-
tonian formalism with variable (time step-length) difference.
In order to transfer to the discrete Hamiltonian formalism, it is needed to introduce
the discrete canonical conjugate momenta according to the equation (3.15) and express the
discrete Lagrangian by the discrete Hamiltonian via Legentre transformation (3.17). Thus,
the discrete action can be expressed as
SD =
∑
k(tk+1 − tk)LD
(k)(qi(k), q
i(k+1)−qi(k)
tk+1−tk
, tk)
=
∑
k(tk+1 − tk)(pi
(k+1)∆tq
i(k) −HD
(k)).
(3.26)
And its total variation reads
14
δtSD = δvSD + δhSD
=
∑
k(tk+1 − tk){(∆q
i(k) − ∂HD
(k)
∂pi(k+1)
)δtpi
(k+1)
−(∆pi(k) +
∂HD
(k)
∂qi(k)
)δtq
i(k) + (∆HD
(k−1) + ∂LD
(k)
∂tk
)δtk
+∆(pi
(k)δtq
i(k) −HD
(k−1)δtk)}.
(3.27)
Similar to the discrete Lagrangian formalism, Hamilton’s principle requires δvSD = 0 and
the discretized re-parameterization invariance with respect to discrete time may also lead to
δhSD = 0 if this invariance does exist. Thus it follows the discrete canonical equations for
pi
(k)’s and qi(k)’s
∆qi(k) =
∂HD
(k)
∂pi(k+1)
, ∆pi
(k) = −
∂HD
(k)
∂qi(k)
, (3.28)
the equation for the variable time step-length
(∆qi(k) − ∂HD
(k)
∂pi(k+1)
)∆pi
(k+1) − (∆pi
(k) + ∂HD
(k)
∂qi(k)
)∆qi(k) +∆HD
(k−1) − ∂HD
(k)
∂tk
= 0. (3.29)
It is also more or less straightforward to show that if the time step-length is fixed the
equation (3.29) has no solution in general even if the Hamiltonian does not depend on discrete
time manifestly. In other wards, for the conservative discrete Hamiltonian mechanics the
time step-length should be variable so as to the energy of the system can be kept conserved
discretely. In [19], [20], [21], [11], [18], this issue has been studied.
It should be mentioned that all remarks in last subsection can be made here and the
theorem 2 can also be established for the discrete Hamiltonian formalism.
IV. GENERAL VARIATIONS FOR FIELD THEORY
Consider a bundle E(X,Q, pi), the fibre Q ≃M . For simplicity, let X = X(1,n−1) be an n-
dimensional Minkowskian space as base manifold with coordinates xµ, (µ = 0, · · · , n−1), M
the configuration space on X(1,n−1) with a set of generic (scalar) fields uα(x), (α = 1, · · · , r),
TM the tangent bundle of M with coordinates (uα, uαµ), where u
α
µ =
∂uα
∂xµ
, F (TM) the
function space on TM etc.
We also assume these fields to be free of constraints. In fact, the approach here can easily
be applied to other cases.
A. General variation in Lagrangian formalism
The Lagrangian of the theory is supposed to be the first order of derivatives of the fields
and dependent to the coordinates manifestly, i.e. L(uα, uαµ; x
µ), and the action is
S([uα(x)]; xµ) =
∫
Ω
d4xL(uα, uαµ; x
µ). (4.1)
Let us consider the variations of the fields, i.e. total variation δtu
α, vertical one δvu
α and
horizontal one δhu
α:
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uα → u′α(x′) = uα(x) + δtuα(x),
δtu
α = δvu
α + δhu
α,
δvu
α(x) := u′α(x)− uα(x),
δhu
α(x) := u′α(x′)− u′α(x) = uα(x′)− uα(x) +O(δ2)
= δxµ∂µu
α(x),
(4.2)
accompanying with the coordinates’ infinitesimal continuous transformation
xµ → x′µ = xµ + δxµ. (4.3)
The corresponding changes in the derivative of fields uαµ are
∂
∂xµ
uα(x)→ ∂
∂x′µ
u′α(x′) = ∂
∂xµ
uα(x) + δt(
∂
∂xµ
uα(x)),
δt(
∂
∂xµ
uα(x)) = δv(
∂
∂xµ
uα(x)) + δh(
∂
∂xµ
uα(x)),
δv(
∂
∂xµ
uα(x)) := ∂
∂xµ
u′α(x)− ∂
∂xµ
uα(x),
δh(
∂
∂xµ
uα(x)) = δxν ∂
∂xν
( ∂
∂xµ
uα(x)).
(4.4)
Now the action (4.1) is also changed as follows
S([uα(x)]; xµ)→ S ′([u′α(x′)]; x′µ) =
∫
Ω′ d
nx′L′(u′α(x′), u′αµ′(x
′); x′µ)
=
∫
Ω d
nx det(∂x
′
∂x
){L(uα(x), uαµ(x); x
µ) + δtL}
= S([uα(x)]; xµ) + δtS.
(4.5)
Using Jacobi formula for the measure
dnx′ = det(
∂x′
∂x
)dnx = (1 +
∂δxµ
∂xµ
)dnx, (4.6)
we get
δtS([u
α(x)]; xµ) =
∫
Ω d
nx{∂µδxµL+ δtL}
=
∫
Ω d
nx{[Luα ]δtuα + (∂µTµν +
∂L
∂xν
)δxν
+∂µ(
∂L
∂(∂µuα)
δtu
α − T µνδxν)},
(4.7)
δvS([u
α(x)]; xµ) =
∫
Ω d
nx{[Luα ]δvuα + ∂µ(
∂L
∂(∂µuα)
δvu
α)}, (4.8)
δhS([u
α(x)]; xµ) =
∫
Ω d
nx{[Luα ]δhuα + (∂µTµν +
∂L
∂xν
)δxν
+∂µ(
∂L
∂(∂µuα)
δhu
α − T µνδxν)}
=
∫
Ω d
nx∂µ(Lδx
µ),
(4.9)
where [Luα ], Tµν are the Euler-Lagrange operator and energy-momentum tensor respectively
[Luα] :=
∂L
∂uα
− ∂µ(
∂L
∂uαµ
),
Tµν :=
∂L
∂(∂µuα)
∂νu
α − Lηµν .
(4.10)
Thus δtS = 0, i.e. δvS = 0 due to Hamilton’s principle and δhS = 0 due to the invariance of
re-parameterization of the coordinates that suppose to keep the metric 3, requires to regard
δvu
α and δxµ as independent components and gives rise to the Euler-Lagrange equation
3Thus the symmetry is the Poincare` transformations. In general, the general coordinate transfor-
mations can be considered and all formulae become covariant.
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∂L
∂uα
− ∂µ(
∂L
∂uαµ
) = 0 (4.11)
as well as an identity between the Euler-Lagrange operator and conservation property for
the energy-momentum tensor
(
∂L
∂uα
− ∂µ(
∂L
∂uαµ
))∂νu
α + ∂µTµν + ∂νL = 0. (4.12)
This equation shows that the energy-momentum tensor is conserved if and only if the Euler-
Lagrange equation is satisfied and the Lagrangian does not depend manifestly on the coor-
dinates.
The boundary term is as follows
∫
Ω d
nx ∂
∂xµ
(( ∂L
∂uαµ
)δvu
α + Lδxµ) =
∫
∂Ω((
∂L
∂uαµ
)δvu
α + Lδxµ)dσµ = 0. (4.13)
If we define a current
Jµ := (
∂L
∂uαµ
)δvu
α + Lδxµ, (4.14)
the equation (4.13) leads to an continuity equation for the current if and only if the Euler-
Lagrange equation is satisfied:
∂
∂xµ
Jµ = 0. (4.15)
In fact, this current is just the Noether current with respect to the invariance of the action
under re-parameterization of the right-angle coordinates on M .
Remark 4.1:
Introducing an exterior differential operator dv along the fibre Q ≃M that satisfies
dv
2 = 0, {dv, dh} = 0, d := dv + dh, (4.16)
where dh and d is the nilpotent exterior differential operator on T
∗X and T ∗E, E =M ×X
respectively as was as a vertical variational vector field
ξu := δvu
α(x)
∂
∂uα
, (4.17)
then
δvu
α(x) = iξudvu
α = iξudu
α. (4.18)
By means of the vertical variational vector field (4.17) on TQ, δvS can also be expressed
as its contraction with 1-form dvS ∈ T ∗Q
iξudvS = δvS. (4.19)
We may calculate dvS ∈ T
∗Q. Since dv commutes with the integral and d
nx (see also, for
example, the functional differential calculus in [25]), it is straightforward to get
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dvS =
∫
Ω
dnx{[Luα ]dvu
α +
∂
∂xµ
θµ)}, (4.20)
where θµ are the Lagrange 1-forms
θµ :=
∂L
∂uαµ
dvu
α. (4.21)
Now by contracting with the vertical variational vector field (4.17) it follows straightforwardly
δvS.
Furthermore, due to the nilpotency of dv, it is easy to get
dvEu +
∂
∂xµ
ωµ = 0, (4.22)
where Eu is the Euler-Lagrange 1-form defined by
Eu(u
α(x), uαµ(x); x) := [Luα ]dvu
α, (4.23)
ωµ are the multi-symplectic 2-forms and in local coordinates:
ωµ := dvθ
µ =
∂2L
∂uα∂uβµ
duα ∧ duβ +
∂2L
∂uαν∂u
β
µ
duαν ∧ du
β. (4.24)
From the definition (4.23), equations (4.20) and (4.22), the following theorem [12], [13], [14]
holds:
Theorem 3: For all Lagrangian of a kind of field theories with first order of derivatives
on the bundle E(X,Q, pi),
1. The following Euler-Lagrange cohomology is nontrivial:
HCFT := {Eu|dEu = 0}/{Eu|Eu = dβ},
where β = β(uα(x), uαµ(x); x) is an arbitrary function of (u
α(x), uαµ(x); x).
2. The necessary and sufficient condition for conservation of the multi-symplectic 2-
forms, i.e.
∂
∂xµ
ωµ = 0, (4.25)
is the corresponding Euler-Lagrange 1-form being closed.
Remark 4.2:
From the definition of the Lie derivative it can be seen that the horizontal variations are
given by the Lie derivative with respect to the variational vector field.
Let ξ be a vector field on X , exp(λξ) be the flow with parameter λ, i.e. the one-parameter
diffeomorphism group, induced by ξ, f a differential or a vector on X . The infinitesimal
change of f under flow is described by its Lie derivative with respect to the vector field ξ
Lξf(x) := lim
λ→0
1
λ
{φ∗λf(exp(λξ)x)− f(x)} =
d
dλ
|λ=0(φ
∗
λf(x
′)), x′ = exp(λξ)x. (4.26)
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Here φ∗λ is the bull-back or the inverse differential for the differential form or vector respec-
tively.
Taking horizontal variational vector field for the coordinates ξ = ξ(x) = ξx
ξ(x) := δxµ
∂
∂xµ
, (4.27)
it follows that the Lie derivative of f(x) with respect to ξx gives rise to the horizontal
variation of f(x).
On the other hand, the coordinate variations δxµ can be expressed by the contraction
between the variational vector field (4.27) and 1-form dhx
µ on T ∗X , i.e. dxµ on T ∗E
iξxdhx
µ = δxµ. (4.28)
It is also feasible to express the variation δhu
α(x) as contraction of a horizontal variation
vector field ξh with dvu
α or duα. To this purpose, ξh,u along the fibre with respect to
horizontal variations of uα(x)
ξh,u := δhu
α(x)
∂
∂uα
(4.29)
should be introduced. Combining with the vector field ξx in (4.27), the general horizontal
variational vector field ξh should be defined as
ξh := ξx + ξh,u = δx
µ ∂
∂xµ
+ δhu
α(x)
∂
∂uα
. (4.30)
Its contraction with dvu
α or duα leads to
iξhdu
α = duα · ξh = δhu
α(t). (4.31)
In general, for any functional of uα(x) and uαµ(x), F (u
α(x), uαµ(x)) : TQ→ R, its (horizontal)
variation induced by (4.3) is
F (uα(x), uα(x))→ F (uα(x′), ∂
∂x′µ
uα(x′)) = F (uα(x), uαµ(x)) + δhF (u
α(x), uαµ(x)),
δhF (u
α(x), uαµ(x)) = iξhdF (u
α(x), uαµ(x)).
(4.32)
Remark 4.3:
For the total variation, a total variational vector field for uα(x) along the fibre can also
be introduced
ξtotal := ξv + ξh = δx
µ ∂
∂xµ
+ δtu
α(x)
∂
∂uα
= δxµ
∂
∂xµ
+ (δvu
α(x) + δxµ
∂
∂xµ
uα(x))
∂
∂uα
, (4.33)
whose contraction with duα leads to the total variation δtu
α(x)
iξtotaldu
α = duα · ξtotal = δtu
α(x). (4.34)
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B. General variation in Hamiltonian formalism
In order to transfer to the Hamiltonian formalism for classical field theory, we first define
a set of “momenta” canonically conjugate to the field variables
piα(x) =
∂L
∂u˙α
, (4.35)
and take a Legendre transformation to get the Hamiltonian density
H(uα, piα,∇au
α) = piα(x)u˙
α(x)− L(uα, u˙α,∇au
α), (4.36)
where ∇a =
∂
∂xa
, a = 1, · · · , n− 1. The Hamiltonian then is given by
H(t) =
∫
Σ
dn−1xH(x), (4.37)
with the Legendre transformation
H(t) =
∫
Σ
dn−1x{piα(x)u˙
α(x)− L(t)}, L(t) =
∫
Σ
dn−1xL, (4.38)
where Σ ⊂ Ω is a 3-dimensional simultaneous space-like hypersurface in Ω.
The action S([uα(x)]; xµ) (4.1) becomes
S([uα(x)]; xµ) =
∫
Ω
dnx{piα(x)u˙
α(x)−H(uα, u˙α,∇au
α)}. (4.39)
The total variation of the action can be calculated similar to that in the last subsection, but
here piα(x), u
α(x) and their derivatives should be varied independently. Then we get
δtS([u
α(x)]; xµ) =
∫
Ω d
nx{∂µδxµL+ δtL}
=
∫
Ω d
nx{[Hpiα ]δtpiα − [Huα]δtuα
+(∂µTµν +
∂H
∂xν
)δxν − ∂µ(
∂H
∂(∂µuα)
δtu
α − T µνδxν)},
(4.40)
where [Huα], [Hpiα] are the canonical operators
[Hpiα] := u˙
α(x)− ∂H
∂piα
,
[Huα] := p˙iα(x) +
∂H
∂uα
−∇a(
∂H
∂(∇auα)
).
(4.41)
Similar to the case of Lagrangian formalism, δtS = 0, i.e. δvS = 0 and δhS = 0, requires
to regard δvu
α, δvpiα and δx
µ as independent components and leads to the canonical field
equations
u˙α(x) = ∂H
∂piα
,
p˙iα(x) = −
∂H
∂uα
+∇a(
∂H
∂(∇auα)
),
(4.42)
and an identity between the canonical operators and conservation property for the energy-
momentum tensor
[Hpiα ]∂νpi
α − [Huα]∂νu
α + ∂µTµν − ∂νH = 0. (4.43)
It should be mentioned that all remarks in the last subsection can be made here and the
theorem 3 can be established as well.
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V. GENERAL VARIATIONS FOR DISCRETE FIELD THEORY
We now study the variation problems for the difference discrete field theory with variable
step-lengths. For simplicity, we consider the cases of 1+1 or 2 dimensional flat base manifold,
i.e. X1,1 or X2 endowed with suitable signature of the metrics.
Let L2 be a right-angle lattice on X1,1 or X2 with nodes x(i,j)µ = (x
i
1, x
j
2), µ = 1, 2, (i, j) ∈
Z × Z and variable step-lengths on 2-directions xµ to be determined by discrete variation
problems, N be all nodes on L2. For a given node with coordinates x(i,j)µ , MD := M
(i,j) be
the piece of configuration space with a set of generic field variables uα(x(i,j)µ ) = u
α(i,j) ∈MD
at the node x(i,j)µ , TM
(i,j) the tangent bundle of M (i,j) with the set of field variables and
their differences (uα(i,j),∆µu
α(i,j)) ∈ T (M (i,j)), F (TM (i,j)) the function space on TM (i,j).
Let N (i,j) be the set of nodes neighboring to x(i,j)µ with index set I
(i,j) = Ind(N (i,j)),a set of
nodes related to x(i,j)µ by the differences, M
(i,j) =
⋃
Ind(N)|I(i,j) M
(i,j) the union of the pieces
of configuration space on X(i,j). F (T (M(i,j))) function space on T (M(i,j)).
Since L2 is a right-angle lattice, it should have only two possibilities for the variable step-
lengths: either equal step-length variation along two direction simultaneously while along
each direction the step-lengths are variable, or along one direction the step-length is fixed
while along the other it is variable.
A. Variable difference Lagrangian field theory
The difference Lagrangian for a set of the generic fields uα, α = 1, · · · , r, is a functional
on F (T (M (i,j))) and suppose to be the first order of differences of the fields for simplicity
LD
(i,j) = LD(u
α(i,j),∆µu
α(i,j), x(i,j)µ ), µ = 1, 2, (5.1)
where as just mentioned, x(i,j)µ = (x
(i)
1 , x
(j)
2 ), u
α(i,j) = uα(x(i,j)µ ) and
∆1u
α(i,j) =
uα(i+1,j) − uα(i,j)
x
(i+1)
1 − x
(i)
1
, ∆2u
α(i,j) =
uα(i,j+1) − uα(i,j)
x
(j+1)
2 − x
(j)
2
. (5.2)
The discrete action SD now reads
SD =
∑
i,j
∆1x
(i)
1 ∆2x
(j)
2 LD
(i,j), (5.3)
where ∆1x
(i)
1 = x
(i+1)
1 − x
(i)
1 ,∆2x
(j)
2 = x
(j+1)
2 − x
(j)
2 .
Let us consider the coordinates of nodes on the lattice are subject to infinitesimal defor-
mations that still keep L2 as a right-angle lattice
x(i,j)µ → x
′
µ(x
(i,j)
1 , x
(i,j)
2 ) = x
(i,j)
µ + δx
(i,j)
µ , (5.4)
the corresponding changes in the fields are
uα(x)(i,j) → u′α(x′)(i,j) = uα(x)(i,j) + δtuα(x)(i,j),
δtu
α(x)(i,j) = δvu
α(x)(i,j) + δhu
α(x)(i,j),
δvu
α(x)(i,j) := u′α(x)(i,j) − uα(x)(i,j),
δhu
α(x)(i,j) := u′α(x′)(i,j) − u′α(x)(i,j)
= uα(x′)(i,j) − uα(x)(i,j) +O(δ2)
= δxµ(i,j)∆µu
α(x)(i,j).
(5.5)
21
For the differences of fields, ∆µu
α(x)(i,j), the corresponding changes
∆µu
α(x)(i,j) → ∆′µu
′α(x′(x(i,j))) = ∆µu
α(x)(i,j) + δt∆µu
α(x)(i,j),
δt∆µu
α(x)(i,j) = δv∆µu
α(x)(i,j) + δh∆µu
α(x)(i,j),
δv∆µu
α(x)(i,j) := ∆µu
′α(x)(i,j) −∆µuα(x)(i,j),
δh∆µu
α(x)(i,j) := ∆′µu
′α(x′)(i,j) −∆µu′α(x)(i,j)
= ∆µu
α(x′)(i,j) −∆µuα(x)(i,j) + o(δ2),
(5.6)
can be calculated to get
δv∆µu
α(x)(i,j) = ∆µ(δvu
α(x)(i,j))
δt∆µu
α(x)(i,j) = ∆µδtu
α(x)(i,j) −∆µδxν(i,j) ·∆νuα(x)(i,j).
(5.7)
Using the Leibniz law (3.8) for differences in each direction, it follows
δt∆1u
α(x)(i,j) = ∆1δvu
α(x)(i,j) + δxν(i+1,j) ·∆1∆νuα(x)(i,j),
δt∆2u
α(x)(i,j) = ∆2δvu
α(x)(i,j) + δxν(i,j+1) ·∆2∆νuα(x)(i,j).
(5.8)
The total variation of discrete action (5.3) can be calculated
δtSD =
∑
i,j ∆1x
(i)
1 ·∆2x
(j)
2 (∆1δx
i
1LD
(i,j) +∆2δx
j
2LD
(i,j) + δtLD
(i,j)). (5.9)
Using formulae
∆1δx
i
1LD
(i,j) = ∆1(δx
i
1LD
(i−1,j))− δxi1∆1LD
(i−1,j),
∆2δx
j
2LD
(i,j) = ∆2(δx
j
2LD
(i,j−1))− δxj2∆2LD
(i,j−1),
(5.10)
and
δtLD
(i,j) = ∂LD
(i,j)
∂uα(i,j)
δtu
α(i,j) + ∂LD
(i,j)
∂(∆µuα(i,j))
δt∆µu
α(i,j) + ∂LD
(i,j)
∂xµ(i,j)
δxµ(i,j)
= ∂LD
(i,j)
∂uα(i,j)
δtu
α(i,j) + ∂LD
(i,j)
∂(∆1uα(i,j))
(∆1δtu
α(i,j) − (∆1δxµ(i,j)) ·∆µuα(i,j))
+ ∂LD
(i,j)
∂(∆2uα(i,j))
(∆2δtu
α(i,j) − (∆2δxµ(i,j)) ·∆µuα(i,j)) +
∂LD
(i,j)
∂xµ(i,j)
δxµ(i,j)
= [Luα(i,j) ]δtu
α(i,j)
+ ∆1(
∂LD
(i−1,j)
∂(∆1uα(i−1,j))
δtu
α(i,j) − ∂LD
(i−1,j)
∂(∆1uα(i−1,j))
∆µu
α(i−1,j)δxµ(i,j))
+ ∆2(
∂LD
(i,j−1)
∂(∆2uα(i,j−1))
δtu
α(i,j) − ∂LD
(i,j−1)
∂(∆2uα(i,j−1))
∆µu
α(i,j−1)δxµ(i,j))
+ ∆1(
∂LD
(i−1,j)
∂(∆1uα(i−1,j))
∆µu
α(i−1,j))δxµ(i,j)
+ ∆2(
∂LD
(i,j−1)
∂(∆2uα(i,j−1))
∆µu
α(i,j−1))δxµ(i,j)
+ ∂LD
(i,j)
∂xµ(i,j)
δxµ(i,j),
(5.11)
we get
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δtSD = δvSD + δhSD
=
∑
i,j ∆1x
(i)
1 ·∆2x
(j)
2 {[Luα(i,j) ]δtu
α(i,j)
+ ∆1(
∂LD
(i−1,j)
∂(∆1uα(i−1,j))
δtu
α(i,j) − ( ∂LD
(i−1,j)
∂(∆1uα(i−1,j))
∆µu
α(i−1,j) − δ1µLD
(i−1,j))δxµ(i,j))
+ ∆2(
∂LD
(i,j−1)
∂(∆2uα(i,j−1))
δtu
α(i,j) − ( ∂LD
(i,j−1)
∂(∆2uα(i,j−1))
∆µu
α(i,j−1) − δ2µLD
(i,j−1))δxµ(i,j))
+ ∆1(
∂LD
(i−1,j)
∂(∆1uα(i−1,j))
∆µu
α(i−1,j) − δ1µLD
(i−1,j))δxµ(i,j)
+ ∆2(
∂LD
(i,j−1)
∂(∆2uα(i,j−1))
∆µu
α(i,j−1) − δ2µLD
(i,j−1))δxµ(i,j)
+ ∂LD
(i,j)
∂xµ(i,j)
δxµ(i,j)}
=
∑
i,j ∆1x
(i)
1 ·∆2x
(j)
2 {[Luα(i,j) ]δtu
α(i,j)
+ Σµ,ν=1,2∆µ(
∂LD
(i,j)
∂(∆µu(i,j))
δtu
(i,j) − E−1µ TD
µ(i,j)
ν δx
ν(i,j))
+ Σν,µ=1,2(∆νEν
−1TD
ν
µ
(i,j) + ∂LD
(i,j)
∂xµ(i,j)
)δxµ(i,j)},
(5.12)
where Eµ, µ = 1, 2, [Luα(i,j) ] and TDµν
(i,j) are shift operators, discrete Euler-Lagrange operator
and energy-momentum tensor respectively
E1f
(i,j) = f (i+1,j), E−11 f
(i,j) = f (i−1,j),
E2f
(i,j) = f (i,j+1), E−12 f
(i,j) = f (i,j−1);
(5.13)
[Luα(i,j) ] :=
∂LD
(i,j)
∂uα(i,j)
−∆1(
∂LD
(i−1,j)
∂(∆1uα(i−1,j))
)−∆2(
∂LD
(i,j−1)
∂(∆2uα(i,j−1))
); (5.14)
TDµν
(i,j) :=
∂LD
(i,j)
∂(∆µuα(i,j))
∆νu
α(i,j) − LD
(i,j)ηµν . (5.15)
Regarding δvu
α(i,j) and δxν(i,j) are independent variational bases, δtSD = 0, or δvSD = 0
and δhSD = 0, lead to the discrete Euler-Lagrange equation
∂LD
(i,j)
∂uα(i,j)
−∆1(
∂LD
(i−1,j)
∂(∆1uα(i−1,j))
)−∆2(
∂LD
(i,j−1)
∂(∆2uα(i,j−1))
) = 0, (5.16)
a relation between the Euler-Lagrange operator and the (difference) divergence of the discrete
energy-momentum tensor that may determine the step-lengths
[Luα(i,j) ]∆νu
α(x)(i,j) + Σµ=1,2{∆µE
−1
µ TD
µ(i,j)
ν +
∂LD
(i,j)
∂xν(i,j)
} = 0. (5.17)
It is obvious that all these discrete equation, relation and properties have correct con-
tinuous limits respectively. Furthermore, due to the discrete Lagrangian (5.1) depends on
the differences explicitly, it is possible to introduce the discrete canonical momentum and
discrete Legendre transformation to transfer to the discrete Hamiltonian formalism as will
be shown in next subsection.
Remark 5.1:
We may introduce exterior differential operators dˆ, dv and dˆh on T
∗(M ×XD), T ∗M and
T ∗XD respectively. They are nilpotent and satisfy
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dˆ = dv + dˆh, {dv, dˆh} = 0. (5.18)
Especially, dˆh is due to the difference on XD and satisfy Leibniz’s law for ordinary forms
4.
Remark 5.2:
Actually, analog to the case with fixed step-lengths [12], [14], it can be established the dif-
ference version for the Euler-Lagrange cohomology and the necessary and sufficient condition
for the difference conservation law of the discrete multi-symplectic 2-forms.
From δvSD in (5.12), it is easy to see that we may take dv on SD to get
dvSD =
∑
(i,j)
∆1x
i
1∆2x
j
2dvLD
(i,j), dvLD
(i,j) = ED
(i,j) +∆µθD
µ(i,j), (5.19)
where ED
(i,j), θD
µ(i,j), µ = 1, 2 are the discrete Euler-Lagrange 1-form and multi-symplectic
potential 1-forms respectively
ED
(i,j) := [LDuα(i,j) ]dvu
α(i,j), (5.20)
θD
1(i,j) :=
∂L
(i−1,j)
D
∂(∆1u
α(k−1,l))
duα(k,l), θDL
2(i,j) :=
∂L
(i,j−1)
D
∂(∆2u
α(k,l−1))
duα(k,l). (5.21)
Then due to the nilpotency of dv, it is straightforward to get
dvED
(i,j) +∆µωD
µ(i,j) = 0, ωD
µ(i,j) := dvθD
µ(i,j). (5.22)
Therefore, we may get the discrete version for the theorem 3 [12], [14]:
Theorem 4: For all discrete Lagrangian of a kind of discrete field theories with first order
of differences on the bundle E(XD, Q, pi) ≃M ×XD,
1. The following discrete version of the Euler-Lagrange cohomology is nontrivial:
HDFT :={Closed Euler-Lagrange forms}/ {Exact Euler-Lagrange forms}.
2. The necessary and sufficient condition for conservation of the discrete multi-symplectic
2-forms, i.e.
∆µωD
µ(i,j) = 0, (5.23)
is the corresponding discrete Euler-Lagrange 1-form being closed.
Remark 5.3:
In this paper, L2 is an infinite lattice. It is reasonable to consider a finite lattice. We
will publish the issues on this topic elsewhere.
4It is needed some noncommutative differential calculus to completely clarify the properties of
dˆh. For the case that ∆x
µ are fixed, this noncommutative differential calculus can be found in
[15], [16]. For the case of variable step-lengths, similar noncommutative differential calculus can be
established [17].
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B. Variable difference Hamiltonian field theory
Consider X(1,1), on which there is a right-angle lattice L2 with variable step-lengths in
each direction, is the base space.
We first define a set of the discrete canonical conjugate momenta on the tangent space
T (M(i,j)) of M(i,j) =
⋃
Ind(N)|I(i,j) M
(i,j) the union of the pieces of configuration space on
X(i,j), which are the set of nodes neighboring to the node x(i,j)µ :
piα
(i,j) =
∂LD
(i−1,j)
∂(∆tuα(i−1,j))
. (5.24)
The difference Hamiltonian is introduced through the discrete Legendre transformation
HD
(i,j)(uα(i,j), pi(i+1,j)α ; x
(i,j)) = piα
(i+1,j)∆tu
α(i,j) − LD
(i,j). (5.25)
The action functional (5.3) now is expressed as
SD =
∑
(i,j)∈Z×Z
∆µx
µ(i,j)(piα
(i+1,j)∆tu
α(i,j) −HD
(i,j)). (5.26)
The total variation of the action δtSD can be calculated and separated into two parts, i.e.
the vertical variation δvSD and the horizontal variation δhSD
δtSD = δvSD + δhSD, (5.27)
δvSD =
∑
(i,j)∈Z×Z ∆µx
µ(i,j){δvpiα(i+1,j)[Hpiα(i+1,j) ]− [Huα(i,j)]δvu
α(i,j)
− Σµ,ν=1,2∆µ(
∂HD
(i,j)
∂(∆µu(i,j))
δvu
(i,j))},
(5.28)
δhSD =
∑
(i,j)∈Z×Z ∆µx
µ(i,j){δhpiα(i+1,j)[Hpiα(i+1,j) ]− [Huα(i,j)]δhu
α(i,j)
− Σµ,ν=1,2∆µ(
∂HD
(i,j)
∂(∆µu(i,j))
δhu
(i,j) + E−1µ TD
µ(i,j)
ν δx
ν(i,j))
+ Σν,µ=1,2(∆νEν
−1TD
ν
µ
(i,j) − ∂HD
(i,j)
∂xµ(i,j)
)δxµ(i,j)}.
(5.29)
Here
[Hpiα(i+1,j) ] := ∆tu
α(i,j) − ∂HD
(i,j)
∂piα(i+1,j)
,
[Huα(i,j) ] := ∆tpiα
(i,j) +
∂H
(i,j)
D
∂uα(i,j)
−∆x(
∂H
(i,j−1)
D
∂(∆xuα(i,j−1))
).
(5.30)
Regarding δvu
α(i,j), δvpiα
(i+1,j) and δxν(i,j) are independent variational bases, δvSD = 0
due to discrete Hamilton’s principle and δhSD = 0 due to discreteized re-parameterization
invariance on L2, i.e. δtSD = 0, lead to the discrete canonical field equations
∆tu
α(i,j) = ∂HD
(i,j)
∂piα(i+1,j)
,
∆tpiα
(i,j) = −
∂H
(i,j)
D
∂uα(i,j)
+∆x(
∂H
(i,j−1)
D
∂(∆xuα(i,j−1))
),
(5.31)
the canonical form of the relation (5.17) that may determine the step-lengths
[Hpiα(i+1,j) ]∆νpiα
(i+1,j) − [Huα(i,j) ]∆νu
α(i,j) + Σµ=1,2{∆µE
−1
µ TD
µ(i,j)
ν −
∂HD
(i,j)
∂xν(i,j)
} = 0. (5.32)
It should also be mentioned that all remarks in the last subsection can be made hare and
the theorem 4 can also be established in this discrete Hamiltonian formalism for field theory.
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VI. CONCLUDING REMARKS
In this paper, the variable difference variational approach with variable step-lengths has
been proposed. It is a generalized version of the difference variational approach with fixed
step-lengths proposed in [12], [14]. The approach has been applied to both Lagrangian and
Hamiltonian formalism for discrete mechanics and field theory. Although what have been
dealt with are the systems with first order differences, the key points are available for the
systems with higher order differences. Obviously, both approaches are different from either
Lee’s discrete variation with variable time-steps [19], [20], [21] or Veselov’s one with fixed
time-steps for the discrete classical mechanics [28], [24]. They are also different from the
discrete variation approach to field theory in [23] that is a generalization of Veselov’s ap-
proach. In our approaches the differences with either variable step-lengths or the fixed ones
are regarded as discrete derivatives being entire geometric objects. This is more obvious and
natural from the viewpoint of noncommutative geometry and more analogical to the contin-
uous mechanics and field theory. Therefore, in the continuous limit, the results given here by
the variable difference variational approach unaffectedly lead to the correct continuous coun-
terparts not only for the equations of motion and symplectic or multisymplectic preserving
properties, but also for the conservation laws, especially for the energy conservation.
In view of the structure-preserving criterion for the discrete systems, there are more
advantages for the variable difference discrete variational approach. Eventually, this has
been already seen in [6] where in taking the continuous limits for the discrete variation
problems, which is a generalized version of Lee-Veselov’s variation, combining first discrete
objects into some difference form is more controllable.
With variable step-lengths it is, of course, more or less straightforward to generalize
the symplectic and multisyplectic schemes as ones that are not only symplectic and multi-
symplectic preserving but also discretely energy conserved as has been done for variational
symplectic energy-momentum integrators in discrete Lagrangian formalism [18], [6], and in
discrete Hamiltonian formalism [7]. But, these discrete formalisms do not transform to each
other via discrete Legendre transformation.
The difference variational approach has been applied to the symplectic algorithm and
multisymplectic one for both Lagrangian and Hamiltonian formalism in [14]. It has been
shown that the discrete integrants can be combined together in certain manner as certain
geometric objects in order to construct some numerical schemes with fixed step-lengths as
variational integrators such as the midpoint scheme in symplectic algorithm and the Preiss-
man scheme in multisymplectic algorithm. Obviously, the variable difference variational
approach should be able to apply to the symplectic and multisymplectic algorithms with
variable step-lengths for both Lagrangian and Hamiltonian formalism. This issue will be
published in details elsewhere.
It has been found that the necessary and sufficient conditions for the symplectic 2-form
preserving in mechanics and the multisymplectic 2-forms preserving in field theories are the
corresponding Euler-Lagrange 1-form is closed in the relevant Euler-Lagrange cohomology
[12], [13]. This is also true for the discrete cases [12], [14] as well as the symplectic and
multisymplectic algorithms [14]. For the cases studied in this paper, the Euler-Lagrange
cohomology should also be true for the various variation problems with variable domains or
step-lengths. In fact, this matter is already indicated by the boundary terms in the vertical
parts of these variation problems. We will explain this issue in more detail elsewhere.
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We have almost completely employed the ordinary description in a coordinate manner in
this paper not only in order to be more easily understood, especially for non-mathematician,
but for dealing with both continuous and discrete cases in an analogical manner. It should
be mentioned however that both the variation problems and the Euler-Lagrange cohomology
for continuous cases could be dealt with in a coordinate free version in terms of jet bundle
and variational bicomplex (see, for example, [2], [3]). Although as far as the local issues are
concerned, the essentials are almost the same. The coordinate free expression should be able
to contain more general and complicated cases with nontrivial topology. On the other hand,
however, for the discrete cases the ordinary jet bundle and variational bicomplex approach
should be generalized to the ones include non-commutative differential calculus in principle.
We will present the variational bicomplex approach to the issues in this paper elsewhere,
specially the one with non-commutative differential calculus to the discrete cases [17].
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